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1 Introduction 


In this paper, we consider the following stochastic generalized fractional Benjamin-Ono type equa¬ 
tion 

{du{t) = [-\D^\°^^^d^u{t) + u{tYu^{t)]dt + ^dW{t), ^ 

[m( 0) = Mo 


where 0 < a < 1 and \DJ\ is the Fourier multiplier operator with symbol |.^|. We recall that 
the Benjamin-Ono equation is a nonlinear partial integro-differential equation that describes one¬ 
dimensional internal waves in deep water, which was introduced by Benjamin [T] and Quo [5^. 

In fact, equation fll.ll) is equivalent to the following equations: 

I ^ + •‘(f/ujt)] + 

[m( 0) = Mo- 


Equation fll.2l) is considered as the Benjamin-Ono type equation 

I ^ = [-\D^\^^°dxV{t) + M^(f)Ma;(f)], 
|m(0) = Mo- 


(1.3) 


forced by a random term. fll.3l) which contains Benjamin-Ono equation and KdV equation arise 
as mathematical models for the weakly nonlinear propagation of long waves in shallow channels. 

When a = 1 and k = 1, (II.Ih reduces to the stochastic KdV equation which has been studied 
by some people, we refer the readers to [21 [3l Hj. 

When a = 1 and fc = 1, (II.3p reduces to the KdV equation which has been investigated by 
many authors, we refer the readers to O 12011211 Cl [H El COl CH CSl [22l |23l 1211126] . The result 
of [22] and [24] implies that s = — | is the critical well-posedness indices for the Cauchy problem 
for the KdV equation. Guo[Il] and [2S] almost proved that the KdV equation is globally well- 
posed in with the aid of /-method and the dyadic bilinear estimates at the same time. 

When a = 1 and k = 2, fll.3p reduces to the mKdV equation which has been studied by some 
people, we refer the readers to [iniiisi E21 [261 Eg. Recently, Chen et.al [6] studied the Cauchy 
problem for the stochastic Camassa-Holm equation. When a = 0 and k = 1, (II.3p reduces to 
the Benjamin-Ono equation which has been studied by many people, we refer the readers to 
[2Il[2Hll29lEniEIlE21E3lEZ]. By using the gauge transformation introduced by [37] and a new 
bilinear estimate, lonescu and Kenig [21] proved that the Benjamin-Ono equation is globally well- 
posed in //^(R) with s > 0. When 0 < a < 1 and k = 1, fll.3p has been investigated by some 
people, we refer the readers to [II1[I31[I71CS1I2D]. In [TS], the author proved that fll.3p is locally 
well-posed in //C>«') globally well-posed in Recently, by using a frequency dependent 

renormalization method, Herr [19] proved that fll.3p is globally well-posed in if 0 < a < 1. 
Very recently, Guo [I6] proved that (II.3p is globally well-posed in //* with s>l — aifO<Q;<l 
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with k = 1 and in with s > | — Richards prove a global well-posedness resnlt for stochastic 
KDV-Bnrgers eqnation nnder an additional smoothing of the noise, we refer to |3S] for the details. 

In this paper, we focns the case 0 < a < 1 and fc = 2 of fll.ip . In this paper, we consider the 
Canchy problem for the stochastic generalized Benjamin-Ono eqnation. By nsing the Bonrgain 
spaces and Sobolev spaces and the assnmption that Uq is measnrable and d* G L 2 ’ ^ •, we 
prove that the Canchy problem for the stochastic generalized Benjamin-Ono eqnation is locally 
well-posed for the initial data uq{x,w) G L^(0;if^(R)) with s > ^ — f, where 0 < a < 1. In 


particniar, when Uq G hr°^ 2 \R)) O L ' « '(r2;L^(R)) and d* G R 2 ’ ^ > we prove that there 


2(2+3q) 


g + l 
2 


exists a nniqne global solntion u G R^(R)) if 0 < a < 1. 

We give some notations before giving the main result. We denote X ~ R by Ri|X| < |y| < 
^ 2 !-^!, where Aj > 0(j = 1, 2) and denote X ^ R by |X| > C|X|, where C is some positive number 
which is larger than 2. for any G R, and denotes the Fourier transformation 

of u with respect to its all variables. denotes the Fourier inverse transformation of u with 

respect to its all variables, denotes the Fourier transformation of u with respect to its 

space variable, denotes the Fourier inverse transformation of u with respect to its space 

variable, is the Schwartz space and is its dual space. if®(R) is the Sobolev space with norm 
||/||irqR)||(0^^a;/llL|(R)- For any s, 6 G R, Xs,b(R^) is the Bonrgain space with phase function 
(j){^) = ^1^1^"'"“. That is, a functions u{x,t) in belongs to Xs_fe(R^) iff 

iiwiix„,(Rb = < 00. 

For any given interval L, X^ ^(R x L) is the space of the restriction of all functions in X^ ;,(R^) 
on R X L, and for u G X^^ ^(R x L) its norm is 


||m||x,,6(RxL) - inf{||f^||x,,6(Rb; “ “}• 

When L = [0,T], X^ ^(R x L) is abbreviated as Xj’^. Throughout this paper, we always assume 
that rc(0 = V’ is a smooth function, Ys(t) = V’(|), satisfying O<'0<1)'0 = 1 when 

t G [0,1], suppV’ C [-1, 2] and a = t- = Tk - (k = 1,2), 

U{t)uo = [ 

Jr 

ll/llL?Lg = 
ll/llLfLg = II/IUl- 

We assume that i?(a;, f), f > 0, x G R, is a zero mean gaussian process whose covariance function 
is given by 



E(R(f, x)B{s, y)) = (f A s)(x A y) 
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for f, s > 0, x, 2 / G R and = ff = where (e j)jgN is an orthonormal basis of -h^(R) 

i=l 

and (/3j) is a seqnence of mutnally independent real brownian motions in a hxed probability space, 
is a cylindrical Wiener process on L^(R). (.,.) denotes the space duality product, i.e., (/, S') = 
J-^f{x)g{x)dx. (fi,^,P) is a probability space endowed with a hltration {^t)t>o- E/ = J^fdP. 
W{t) is a cylindrical Wiener process (W(t))t>o on -h^(R) associated with the hltration For 

any orthonormal basis (efc)fcgN of L^(R), W = Yll^=ol^k^k for a sequence (/5fc)fceN of real, mutually 
independent brownian motions on (fl, P, ^t)t>o)- Let R be a Hilbert space, H) the 

space of Hilbert-Schmidt operators from -L^(R) into H . Its norm is given by 

ll‘^llio(L2(R),rr) ^ 

jeN 

When H = R"(R), L0(L2(R), R^(R)) = 

The main results of this paper are as follows: 

Theorem A Let 0 < a < 1, uo{x) G L^(H;iL®(R)) be J^o-measurable with s > | — j and 

Q Q^ + 1 

<h G L 2 ^ . Then the Cauchy problem for fll.ll) locally well-posed with k = 2. 

Theorem B Let 0 < a < 1, Mq ^ iL^(R)) fl ^(f2;L^(R)) be J^o-^ieasurable 

Q Q^ + l 

and <h G L 2 ’ W Then the Cauchy problem for fll.ip possesses a unique global solution u G 
L‘^{n;H^{K)) with k = 2. 

The rest of the paper is organized as follows. In section 2, some key interpolate inequalities and 
preliminary estimates are established. The section 3 is devoted to bilinear estimate by Fourier 
restriction norm method. We will show the trilinear estimate and local well-posedness of Cauchy 
problem in section 4. The global well-posedness of Cauchy problem is established in section 5. 


2 Preliminaries 


Lemma 2.1. Let 6 ^ [0,1] and W^{t)uQ{x) = 2 Then 

||hF|(t)no||LfLg < IFIImoIIli, 

where {p,q) = 

For the proof of Lemma 2.1, we refer the readers to Theorem 2.1 of [2T] . 

Lemma 2.2. Let b = ^ + e, then 


|'u||r4 < Cll'ullx 1 

I — II ll^n ck+3 

“’2(c<+2)^2+V 


and 


Diu 


< C\Mx 3 • 

L«, - " " 


( 2 . 1 ) 


( 2 . 2 ) 
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Proof. Let 0 = |, it follows from lemma 1 that 




'R 


Lit 


^ C'||Mo||i, 2 . 


where | 0 | = | 0 "| = c|^|“, then 


'R 


Lit 


< C'I|wo||l|- 


Due 


to ||/|Il 2-+6 < C\\D2Dff\\L6^ where 7 = 


. Then 


\\W{t)uo{x)\\j 


2a+4 


= C 

< C 

= c 




'R 


r 2a+4 


DfDf / 


'R 


Lit 




IR 


< C'II^oIIl?- 


Lit 


By a standard argument, it follows from ||hL(f)-uo(a^)||r 2 a +6 < (711 Moll 1.2 that 

-^xt ^ 

||M(a:)||^2.+6 < C'IImII;^^ 1 +,. 

By using the Plancherel identity, we have that 

= C'll“llxo,o- 

Interpolating fl2.4p with fl2.5p yields 

||M||r4 < C||m||X 1 

II ll-D^+ - II ll^n Q:+3 /I , 

^' 2(a+2) 


From (I2.3p . by using a standard proof, we have that 

||^Im||l 6 ^ < C'||m||xo, 6 - 

Interpolating fl2.7p with fl2.5p yields 

\\DIu\\l.^<C\\u\\x^,^. 
Hence, the proof of Lemma 2.2 is completed. 

Lemma 2.3. Let 6 = | + e. Then, for 0 < s < |, we have that 


II^'(wi,W 2)IL7 < C'ff ||m,||x .+3+2(„+i).,> 

■ - 2 (a + 2 ) ° 


i=i 


where 


(2.3) 

(2.4) 
( 2 . 6 ) 
(2.6) 

(2.7) 

( 2 . 8 ) 
□ 

(2.9) 


.^r(u,,U2)(^,T) = - |&|“+'r.?^!ii(?i,Ti).^'U2(6,r2)4&4ri. 


ji = il+i2 

T = T\+T2 
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q: + 3+2(q: + 1)s , 

Proof. Let Fj{f,j,Tj) = (aj) 2^+4 t^Uj{fj,Tj){j = 1,2). To prove Lemma 2.3, by the Plancherel 
identity, it suffices to prove that 


= ?1 +?2 
T = Tl +T2 


ii 6 r^-i 6 


Fi 




a+3+2(a+l)s ^ ^ ^ a+3+2(a+l)s 


2a + 2 




-dfidri 


2a+2 


< 


L'i 


•^n 

i=i 


• ( 2 . 10 ) 


Assume that bi = 


5. By using the Young inequality, since 0 < s < 1, 


we have that 


= 1161“+' - |6r+‘|‘(<Tl)-"'"(<T2)-“‘(<Tl)-‘'’‘-“‘'(<T2) 
< 2s||6l“+' - l6r+‘P"(<^i)-'’(<T2)-'' + (1 - 2s){ffi) 


(&i —26s) 


+3 

2a+4 


{(^ 2 ) 


a+3 

2a+4 


b 


+3 

2a+4 


( 2 . 11 ) 


By using 02.111) . Plancherel identity. Lemma 3.1 in [TB], we have that 


a+l I I0+1 IS 


f ? = ?i + €2 
r = Tl + T 2 


11 ^+^ -16 


Fi 


q: + 3+2(o: + 1)s , Q!+3+2(q; + 1)s , 

(cTl) 2C.+4 " ^(72) 2 C .+2 


dfidri 




< 


li = ii + i2 

T = T\ +T2 


||5l|”+l - |5j|“+Y/++dfidT, 

7=1 PP 


+ 




< 


cJl ^ ^ 


j=i 

<cniiF, 




+^n 

Y,6 j = l 


^-1 




2a+4 


X 


U = ^l+^2 

r = Tl + T2 3 


n q;+3 I 
2a+4^ 


n 


=1 (^j) 


^)rwidf.idTi 


2a+4 


/■2 


tll + - 


j=i 


The proof of Lemma 2.3 is completed. 


( 2 . 12 ) 

□ 


Lemma 2.4. Let Uq 6 iL^(R), c > 1/2,0 <h< 1/2. Then fort G [0,T], hP(t)Mo G and there 
ts a eonstant ^2 > 0 such that 


\\U{t)uo\\xT^ < k2\\uo\\H‘- 
There is a constant c > 0 such that for t G [0,1] and f G Xj^, 


U{t — s)f{s)ds 


< CT 


l-2b 


V_ 


X /6 


b,s * 


(2.13) 


(2.14) 


For the proof of Lemma 2.4, we refer the readers to Lemma 3.1 of [5]. 
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Lemma 2.5. Let 


u= / U{t-s)<!>dW{s) 


and $ e L^, for t E [0, T], we have 

E{ sup ||m|||-0 < 38T||$||^o,s. 

t£[0,T] 2 

Lemma 2.5 can be proved similarly to Proposition 3.1 of |2]. 
Lemma 2.6. Let 


u= / U{t - s)MW{s) 


and $ G L 2 , fort G [0,T], we have '^u G LriVt^Xs^f) and 

E{snp < M{b,nmlo.s. 

t&[0,T] ’ 2 

Lemma 2.6 can be proved similarly to Proposition 2.1 of |3]. 


(2.15) 


(2.16) 


3 Bilinear estimate 


Theorem 3.1. For all u,v on R x R and 0<a<l, 0<e< 2 ( 3 a+s) ond b= \ — e, we have 

IIM1M2IU2 < C'IImiIIx 1 JIM2IU1 ( 3 . 1 ) 

Proof. Define 

^ 1 (^ 1 , ^ 1 ) = (^i)”^^^(c^i)'’-^Mi(^i,ri), F2(6,r2) = (6 )^“^(c^2)'’-7^m(6,t-2), 

= E - 3 = 1^2. 

To obtain 114.411 . it suffices to prove that 



f 

J e = Cl + ^2 

T = Tl + T2 


Ki(ei,ri,e,r)|F| ll \Efd^^dT,d^dT < C\\E\\l2^ J] ||F, 


L 2 , 


i=i 


i=i 


(3.2) 


where 




(ai)^(a 2 )^ 
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Without loss of generality, we assume that F > 0, Fj > 0{j = 1,2). Obviously, 

2 2 6 
{(6,0,'^,'r) e C 

j=i j=i j=i 


where 


2 2 

^1 = e l^il < l^al < 6}, 

i=i i=i 

2 2 

^2 = {(^1,0,C,r) e R^,^ = l^al > 6, l^al > |^i|}, 

i=i j=i 

2 2 

^3 = e R^,^ = = ^Tj, l^al > 6, l^al ~ |6|}, 

i=i j=i 

2 2 

O 4 = {(^i,ri,^,r) e R^,^ = = ^Tj, [^al < |6l < 6}, 

i=i j=i 

2 2 

^5 = e R^,^ = l^il > 6 , |^i| > l^sl}, 

i=i i=i 

2 2 

^6 = e = '^^j,T = '^Tj, l^il > 6, l^il > 161,161 ~ I6|}, 

i=i j=i 


We dehne 


/. 


F-^ 



1 , 2 . 


The integrals corresponding to j ^ Q, j ^ N"*") will be denoted by Jk{l < k < 6, k E N"*") 

in fl3.2l) . respectively. 

(1). Oi = {(6, Ti, 6 t) e R'^, ^ 0) ^ = Ej=i 161 < 161 < 6}. in this subregion, we have 

that 



^i( 6 ,n, 6 'r) < 





By using the Plancherel identity and the Holder inequality and 2 {a+ 2 ) ^ | — e, we have that 


Ji<C 






dC,idTidC,dT 


C / J^-\F)fJ,dxdt<C\\T-\F)\y^^]l\\f,\\,.^ 


ciiFii» n 


j\\X^ a+3 /I 


i=i 

(2).H2 = {(6,'ri,^,r) e = E?=iH, I6l > 6, |6l > |6|}- 

If 161 < 1, we have that 

This case can be proved similarly to Hi. 

If 161 > 1, we have that 

f^i( 6 ,ri ,66 < C-^—- < C - ^2 - 


n=i(66 


n=i6.6 


By using the Cauchy-Schwartz inequality and Lemma 2.3 as well as 0 < e < ^, we have that 


.h<C 


||6l“+'-|6l“+'l"^i"n?=i6 


2 / € = Cl + €2 


n?=i(a 6 '’ 


dS^idridS^dr 


<C\\F\\,. 


Ii 6 r'-i 6 i“+'i^i^n;=i 6 


/ e = ?! + ^2 




dCidri 




(3). Sis = {(6,Ti,{,r) 6 R"",^ = = Ehui.lfel £ 6 , Ifal ~ |{,|}. In this subregion, 

have that 


s,,s s i&i* 

A'lKi.ri.e.r) < C < C 
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By using the Plancherel identity and the Cauchy-Schwartz inequality as well as |(| + e) < | — e, 
we have that 


■h<C 





J 

T = ri + T2 




d^idrid^dr 


< 


< 


ciiFii,.,n 


j=i 

2 






Lit 


cwFh.m^jiiLi- 


3 = 1 


(3.4) 


(4). ^4 = {(^i,ri,^,r) e = Ei=iB'> I 6 l < | 6 | < 6 }. In this subregion, we have 

that 

C 

Ki(^1,Ti,^,t) < - 5 -. 


Thus subregion can be proved similarly to hli. 

(5). ^5 = e = Ej=iT'i, 161 > 6,161 > I 6 |}- in this subregion, we 

have that 


^i(6,ri,6 r)<C 




By using the Cauchy-Schwartz inequality and using Lemma 2.3 as well as 2 ( 6 + 2 ) F e) < ^ — e, 
we have that 


J5<C 



||6l“+'-|6l“+'l"^i"n?=i6- 




2 / C = Cl + €2 

T = Tl + T2 


n,=i(f^jy 


d^idrid^dr 


<C\\F\\,. 




C = Cl + C 2 

T = Tl + T2 


ii&r'-i«ir'i’^f’n?.,n,,, 

-- - - dtidTi 

n=i(^.r 


Li 

€t 


< 




t=l 


( 6 ). fig = {( 6 ,n,C,^) e R^,C = Ei=i 6 ,^ = E?=i 6 >l 6 l > 6 , | 6 I > 161,161 ~ 161}- in this 
subregion, | 6 l ~ 161- 

This subregion can be proved similarly to his. 

Thus, We have completed the proof of Theorem 3.1. □ 
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4 Local well-posedness 


In this section, we will establish two new trilinear estimates which play a crucial role in establishing 
the local well-posedness of solution, and then we will show the local well-posedness of the Cauchy 
problem fll.ip by Banach Fixed Point theorem. 

We will establish the Lemma 4.1 with the aid of the idea in |38]. Let Z = R and Tk{Z) denote 
the hyperplane in 


rfc(z) := {(Cl,..e z^+ ■ • • + = 0} 

endowed with the induced measure 

[ f'■= [ - ^k-i)d^i ■ ■ ■ d^k- 


TkiZ) 


IZk-l 


A function m : Tk{Z) —)■ C* is said to be a [k] Z]-multiplier, and we define the norm to be 

the best constant such that the inequality 


'rfc(z) 


i=i 


holds for all test function fj on Z. 

Lemma 4.1. Let sq = ^ b = ^ — e. Then 


(4.1) 


i=i 

Proof. By duality, Plancherel identity and the definition, to obtain (14.4p . it suffices to prove that 






^ 
2 4 


<c. 


(4.2) 


[ 4 ;RxR] 


By using the symmetry and 


(^ 4)"5 < c{ur 


Ete)'- 

.1=1 


resulting from 


16 + 6 + 61 < ( 6 ), 


to obtain fl4.2p . it suffices to prove 




(6)^ "(6)^ “ nLi(B- 


< c. 


[ 4 ;RxR] 


(14. 3 p follows from TT* identity in Lemma 3.7 of [38] and Theorem 3.1. 
The proof of lemma 4.1 has been completed. 


(4.3) 


□ 
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Lemma 4.2. Let s>so = | — f, & — e. Then 


\\dx{uiU2U3)\\x,^_, < C" 

i=i 

Proof. fl4.4l) is equivalent to the following inequality 




/R 




dfidTidf2dT2dfdT < C||F||^2^ ||F, 


jwq^- 


i=i 


Since 


(4.4) 


(4.5) 


i=i 


fl4.5p is equivalent to the following inequality 


' d^idTidf2dT2dfdT <C\\F\\l2^1[\\F, 




^ T = T1 + T2 + T3 / llj — \'^ 3 / j — 1 

which is just the lemma 4.1. Hence, the proof of lemma 4.2 is completed. 


jWq,, 


(4.6) 


(4.7) 

□ 


Following the method of [3], combining Lemma 4.2, Lemmas 2.4, 2.5 with the Banach Fixed 
Point Theorem, we have the following local well-posedness of Cauchy problem fll.ll) . 

Theorem 4.1. Let 0 < a < 1, uo{x) G L^(H;iL^(R)) be Fo-measurable with s > | — f and 
^ E Lf ^ . Then the Cauchy problem for locally well-posed with k = 2. 


5 Global Well-posedness 


In this section, we always assume that 0 < a < 1, Mq ^ L‘^{Vt] (R))nL ^ ^ ' (12; /.^(R)) be Fq- 

o,s+i 

measurable and $ G Lf ^ . In order to obtain the global well-posedness, we follow the argument 
given by Bouard and Debussche in |3], in which, they established the global well-posedness for 
stochastic Korteweg-de Vries equation driven by white noise, we also refer [36] to the global well- 
posedness for stochastic KVD-Burgers equation. 

Notice that the deterministic equation fll.3p possesses two important conservation laws: 


1 

2 


u^dx, 


'R 


1 

2 


{Dx^ u^dx — 


'R 


k -\-l 


u 


fc+i 


dx. 


'R 


Let (‘hm)mGN be a sequence in F 2 
sequence in iL^(R) such that Uorn 

a.s.. 


0,4 


such that 

Q + l 


Mo in L"(H;R^(R))nL 


0 

<F in Lf ^ and let (Mom)mGN be a 
(H; L\R)) and in (R) 
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Lemma 5.1. For sufficiently large m, then there exists a unique solution Um P-a.s in 




of 


du^n “1“ (H 3 ; 'Omx ^rriO'mx) ^md^V, (5.1) 

'Wm(O) = UQrn (^"2) 

For any T > 0. 

Proof. Define Vm = Um — Um, then Vm satisfies 

Omt dD^ VjYix (^m “1“ ^m) dxiVrn "h ^m) 0) (^"3) 

nm(0) = Uom- (5.4) 


By using Lemmas 2.4-2.6 and Lemma 4.2 as well as the hxed point point, we know that fl5.3p - fl5.4l) 
have a local solution Um G L°°(0, To(a;), iL^“(R)) a.s. for a.s.Uom ^ where To(a;) is the 

lifespan of the local solution. It follows from Lemma 2.5 that 

U{t - s)<l>mdW{s) ^ [ U{t- s)<l>dW{s) (5.5) 

Jo 

in L^(f2; LL^(R)) and Um is in L°°(0, T ; H'^) a.s. From fl5.5l) . we have that there exists a subsequence, 
still denoted by Um, such that 



Ur. 


(5.6) 


in H^fR) a.s. 

We claim that the sequence Um is bounded in L^(D; L°°(0, T; iL^(R)) when uq G L^(D; iL^(R))n 
L ^ a ' (D; L^(R)) for any T > 0. 

In fact, denote 

d{um) = l: [ {Dx^ Umfdx-^ f uf^dx. (5.7) 

Jr Jr 

Applying the ltd formula to I{um) yields 

I{Um)=I{Umo)- f {Df+\m-ul,<!>dW{s)) + l [ Tr {l"ds. (5.8) 

Jo ^ Jo 

with 
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Let (ej)jgAr be an orthonormal basis of L'^{R), by nsing L°°, we have that 


Tr = -J2 [D:^\^mej)<^mej + dx 


sE 

iSN 


JGN 

D~ + 3\\Um\\l2 W^mejWlo 


I/n 


We derive from fl5.8l) that 


E I snp ^ frr ds I < CE I snp \\u^\\l, 1 + CT'^\\^^\\\ + C. (5.10) 

^te[o,T] ^ Jo J \tG[o,r] / 

Applying the martingale ineqnality ( Theorem 3.14 of [12]) yields 


a + 1 


E( snp - / Um-ul^,^dW{s)) ) < 3E 

,te[o,T] Jo 




l/2^ 

ds ] 1 . (5.11) 


,Q + 1 


By nsing the Sobolev embedding H 2 ^ L°° and interpolation Theorem, we obtain 


l<I>* ) I 

I V 3 ; “m | 


= Y1 ^mej) + (m^, 

j^N 

||ti;^|| Q + 1 II II a + l + llWmIlisll 11/, 00 


jeN 


H- 


< C 


2(2+30!) 0+1 2 

I ?/ 11 ^ II - 1 - II?/ II II J~) 2 ^. 11 

I c^rn II g+i “ ||^m|1^2 ll'^^ 

H 2 


|<h™||2^o+i. (5.12) 


Snbstitnting (I5.12p into (I5.1ip . nsing Canchy-Schwartz ineqnality and Yonng ineqnality, we dednce 

E ( snp - /” -M^,<l)dlE(s)) 

Ytg[0,T] Jo 

1 ( H+1 \ / 2(2+3o) 

< -E I snp \\Dx‘^ Um \\\2 ) +CE I snp ||Mm|lL 2 “ ) + CT\\^rn\\\si^- (5.13) 


ye[ 0 ,T] 


pe[o,r] 


2(2+3q) 


Applying ltd formnla to F{um) = ||Mm ||£2 “ yields 


2(2+3o) 


\U 


2(2+3o) 2f2 + 3Q!l R 2(2+2o) ft 

= ||M 0 m||i 2 “ H-/ ||Mm||i 2 “ {Um,^mdW) + - Tr{F" {Um)^m^*m)ds, (5.14) 

OC Jn ^ ./n 


where 


F"{Um)(J = 


4(2 + 3a)(2 + 2a) 2 i 2 ± 




ttmW 1^2 ("^mj 0)^m T 


2(2 +3a) + 2 ± 


u. 


a 
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By using a martingale inequality ( Theorem 3.14 in [12]) and Young inequality, we have that 


E sup 


2(2 +3a) 


2(2+2a) 


.te[o,T] O' 


< 3E 


4(2+2a) 


1/2N 


\U. 


m 1+2 


U 


m||L 2 


X / 2(2+3a) 

< —E sup \\Uyn\\L 2 °‘ ]+CT\\^r^ 

J-O \t£[0,T] 


I 4q;+6 
I r0,0 • 
-^2 


(5.15) 


Direct computation implies 

Tr{F'\uJ<l>,nK) 

4(2 + 3a)(2 + 2a) 


Y 

jeN 


a^ 




2(2 +3a) 2 ( 2 ± 2 £) 


\u\ 


j€N 


a 


L 2 


$^6 


m+|lL 2 


^ 2(2 + 3a)(4 + 5a)„^^ n^i,^ 1,2 

^ ^2 \\Um\\L2 


1 ,, 

< -\\u 


m|lL 2 


a^ 

2(2+3a) 2+3 q; 

“ +c'ii<i)™|i j:o . 


mII r 0,0 
2 


Combining flS.lSp . fl5.16p with fl5.14p . we have that 

( 2(2+3a) \ / 2(2+3a) \ 2+3a 

sup ||Mm(t)||^ 2 “ < CE ( ||M 0 m||i 2 “ ) + C || d*™ || ^ o“o +CT||$ 

t6[o,ro] / V 


4q+6 
m||^0,0 • 


By using interpolation Theorem, we have that 


11 11 £,4 Y C* 11 Mm II £2 

Similarly, we derive that 


2 (2 q! + 1 ) g + l 2 


4 ^Il„. II Q,+l ||^^2 < C||m 


lL 2 


2(2Q! + 1) 1 Q + l 

Oi _ 1 __||/^ 2 rf, ||2 

m \\]^2 \ t^m||/, 2 . 


and 


(5.16) 


(6.17) 


(6.18) 


( 2(1+20) \ / 2(l+2o) \ 

sup ||Mm(t )||£2 “ < C'E ||M 0 in ||£2 “ + CTW^mU'S (5.19) 

t&[0,To] I \ ) ^2 


sup 

ll'Wm(^) II 

i6[0,To] 


sup 

ll’^m(^) II 

tG[0,To] 



• m|| 7 - 0,05 
-^2 


• m|| 7-0,05 
-^2 


where C(a) is a constant relative to a. Combining fl5.18p with fl5.19p . we get 


ye[o,r] 


2(l + 2a) 


E I sup ||Mm||i 4 I < CE ( ||Mom||£ 2 “ ) + CT\\^rn\fifi + I sup \\Dx^ u^Wh | . (5.22) 


Q + 1 


, t€[0,T] 


(5.20) 

(5.21) 
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Combining flS.lOp . fl5.13p . fl5.17p . fl5.20p - fl5.22p with fl5.8p . we obtain 


-E sup 

2 \t€[o,T]Jn'- 




dx 


= -E [ sup f u^dx] -|- E [ sup I{um) ) + 7 E / u^dx 


, iG[0,T] Jr 


,te[0,T] 


< CE 


'n 


a + 1 


Uq^ + {Dcc^ Uom) dx + CE [\\uom\\L 2 


'R 


2(2+3a) 


2(l + 2a) \ ^ / r r a + 1 

+CE [\\Umo\\L2°‘ + 7 E sup / ul^+{Dx^Umf 

J 4 We[0,T]jRL 


dx 


+CE (lluomllt^) + CT\\^m\r^l^ + 
+CT\\^mfi% +CT^\\^. 


mil Q g+l “1“ C , 
^2 


(5.23) 


where C{a), D{a), E{a) are constants relative to a. 

From fl5.22E by using the Young inequality, we have that 


E I sup / 
te[o,r] Jr 


< CE 


'R 


q; + 1 

-f {D^Umf 


a + 1 


dx 


2(2+3q) 


'^Om “1“ {Dx^ Uorn) dx + (7E ( 11^077111^2 “ ) + C'E I ||w7no||7;^2 “ 


2(l-f2Q) 


+CT\\^rnf^^l^+CT\\^rnfl^l^+CT\\^rnfXl^ 

Lo ' 


,D(a) 
L 


E{a) 

Lo 


< CE 


'R 


'*^0m Y {Dx^ UomY dx + CE ( ||u0m|| 




2 

2(2+3c«) 

a. 

L 2 


+CT||'i>„||''7y (1 + T) + C + CT\ 


(6.24) 


where F{a) = max {4, C(a), D{a), E{a)} . 

From Mom ^ Mo in L°°( 0 , T;((]; ^^(R)) and <h, 
know that Ve > 0 , there exists sufficiently large m G such that 


0 , 

$ in ^ , we 


2(2+3c») 

E||Mom||^s4U + E I ||Mom|l2,2 “ ) + 11*^ 


2(2+3a) 

Y E||Mo||^£i^ + E ^ ||mo|| 2,2 “ j + ll^lTo^ + c + CT^ + e. 


F(a) 

F(a) 


m II Q Q!+i 
^2 ^ 


(5.25) 
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Combining fl5.24p with fl5.25p . we have that 


E I sup / 
te[o,r] Jn 


ul^ + Umf 


dx 


2(2+3a) 

<CE\\uo\\1^+CE{\\uo\\l. 


/ 2(2+3c) \ 

pil«oll„" j +Cr||4||J4.(l + r) + C€. (5.26) 


Combining fl5.26p with flS.Sp . we have that 


E sup 


te[o,r] JR L 




dx 


2(2+3c«) \ , 

< C ( E ( ||«„||^, • j ,T, ||4>f J4, 


(6.27) 


Thus, combining the the local existence of solution with fl5.28p . we obtain that fl5.3l) - fl5.4p possesses 
a unique global solution. Consequently, fl5.ip - fl5.2p possesses a unique global solution Um P-a.s in 
L°°(0,T;if'^(R)) for any T > 0. 

The proof of Lemma 5.1 has been completed. □ 

Theorem 5.1. Let 0 < a < 1, mq ^ n L ' (12; L^(R)) be Tq -measurable. 

Then the Cauchy problem for U.l\) possesses a unique global solution u E iL^(R)) with 

k = 2. 


Proof. From fl5.25p . we know that after extraction of a subsequence, we can End a function 

h e L2(fi;L“(0,T;L/'^(R))) 


such that 


Um. ^ U 


(5.28) 


in L°°(0, To; iL°’ 2 ^ (R))) weak star. Moreover, we have that 

e( sup ) <CE(\\uof ..+i)+CT\\<!>fl%+CT + C. 

\tG[0,T] J ^ 

Now we dehne the mapping 

GmV = U{t)uom + j - r) dr + 

it is easily checked that Gm is a strict contraction uniformly on , where 


(5.29) 


(5.30) 


r,„ > G 


sup ||TMm||x„+i , + ^2\\u 


m^N 


Q + l 
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and 


2Ct}^ (r^ + K2 \\u\\ “+ 1 ^) < 1 - 

It is easily checked that Gm has a unique hxed point for sufficiently large m G N’*'. Now we 
prove that 

Mm, U 


in . het z^n U (t)MQm; '^m Then 


O / ^')9x [(^m T T ^m) ] ds. 

^ Jo 

Combining lemma 4.2 with (I5.3ip . by using Lemmas 2.4-2. 6 , we have that 
W'^m 


(5.31) 


< Ct 


l-2b 


I 11^ 4- II 11^ -U II 11^ 

h^ y'^'w ~fo 1^771 yiw ~fo v^w 

^^,6 ^,6 ^,6 


I [-^TTl 11 11*^11 Y'^w ~1~ 11*^777-11 


a + 1 


\x 


a + 1 


\x 


a + 1 


X 


^771 11 '^777 ^\ \ ~l~ 11 ^ ^777 11 ')C^' 


a + 1 


771 ^llX 


a + 1 


^771 \\X 


<Ct^ 


X 


l-2b 


I l|2 4- II l|2 4- II l|2 

h^ 'V'tw ~fo h^7?7 v^w 

^ a + 1 "A 


- a + 1 


a + 1 


a + 1 


I II ||2 I 11—1|2 I ||— ||2 

~l~ r^TT?- v^w ~i~ v'tw r^? 

^a+1 


a + 1 


^7n\\x^ 


a + 1 


^777 ll'^TTl 11^ *^777 11 


a + 1 


a + 1 


'‘'771 II X 


a + 1 


< Ct 


l-2b 


\\no\t g+l + 11 11 ^^044 +r^ 

H 2 H 2 


X 


*^777 — 11^777 — ^11 \\U — U. 


a + 1 


771 ^IIX 


a + 1 


-‘'771 II X 


tw 

a + 1 


< 


r^TTl ^ 11^771 ^ “t“ h^ ^ 

I "^ 0+1 , " "^ 1,6 " 


TTlIIX 


a + 1 


(5.32) 


From (I5.32p . we have that 

11^771 ^11 11'^717 11^ ^TTlII C'llriQm, ^0 11 Q- + 1 “1“ ||m Mm|[ (5.33) 

From Lemma 2.6, we have that 


£( sup IIW- ) < M(6,»)||<1.||^. 


a + 1 . 


tG[0,T] 


(5.34) 


Combining fl5.33p . fl5.34p with the fact that 

UOm 


Uq. 


(5.35) 
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tim ^ ^ 


(5.36) 


in H 


a + l 
2 


a.s., we have that 


in . From (I5.36p . we have that 

2 ’ ^ 

U = U 


(5.37) 


on [0, tw] and 


Wi^w) II 


< IImI 


Ck + 1 . 


(5.38) 


Combining fl5.38p with Theorem 4.1, we can construct a solution on [t^,, 2t^]; starting from u{2tw)i 
we obtain a solution on [0,T] by reiterating this argument. Thus, the proof of Theorem 15.11 has 
been completed. □ 
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